A single-step difference scheme for the numerical solution of the nonlocal-boundary value problem for stochastic parabolic equations is presented. The convergence estimate for the solution of the difference scheme is established. In application, the convergence estimates for the solution of the difference scheme are obtained for two nonlocal-boundary value problems. The theoretical statements for the solution of this difference scheme are supported by numerical examples.
Introduction
It is known that most problems in heat flow, fusion process, model financial instruments like options, bonds, and interest rates, and other areas which are involved with uncertainty lead to stochastic differential equation with parabolic type. These equations can be derived as models of indeterministic systems and considered as methods for solving boundary value problems.
The method of operators as a tool for investigation of the solution to stochastic partial differential equations in Hilbert and Banach spaces has been systematically developed by several authors see 1-4 and the references therein . Finite difference method for the solution of initial boundary value problem for stochastic differential equations has been studied extensively by many researchers see 5-15 and the references therein . However, multipoint nonlocal-boundary value problems were not well investigated. α j ≤ 1, 0 < λ 1 < · · · < λ J ≤ T, 0 ≤ t ≤ T
1.1
for stochastic parabolic differential equations in a Hilbert space H with a self-adjoint positive definite operator A is considered. Here i w t is a standard Wiener process given on the probability space Ω, F, P .
ii For any z ∈ 0, T , f z is an element of space M The main goal of this study is to construct and investigate the difference schemes for the multipoint nonlocal-boundary value problems 1.1 . The outline of the paper is as follows. In Section 2, the exact single-step difference scheme for the solution of the problem 1.1 is presented. In Section 3, the 1/2-th order of accuracy Rothe difference scheme is constructed and investigated for the approximate solution of the problem 1.1 . The estimate of convergence for the solution of this difference scheme is obtained. In applications, the convergence estimates for the solution of difference schemes for the numerical solution of two multipoint nonlocal-boundary value problems for stochastic parabolic equations are obtained. In Section 4, the numerical application for one-dimensional stochastic parabolic equation is presented.
2.6
Let us now obtain the formula for the mild solution of problem 1.1 . It is clear that under the assumptions i -ii and
the Cauchy problem dv t −Av t dt f t dw t , 0 < t < T, v 0 is given 2.8
and has a unique mild solution, which is represented by the following formula:
Then from this formula and the multipoint nonlocal-boundary condition
Therefore, we have formulas 2.9 and 2.12 for the solution of problem 1.1 .
Now, we will consider the single-step exact difference scheme. On the segment 0, T we consider the uniform grid space
with step τ > 0. Here N is a fixed positive integer. [16] ):
Proof. Putting t t k and t t k−1 into the formula 2.9 , we can write
2.16
Hence, we obtain the following relation between v t k and v t k−1 :
2.17
Last relation and equality 2.14 are equivalent. Theorem 2.3 is proved.
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Note that problem 2.14 is called the single-step exact difference scheme for the solution of the problem 1.1 .
Rothe Difference Scheme
In this section, the 1/2-th order of accuracy Rothe difference scheme is constructed and investigated for the approximate solution of the problem 1.1 . The estimate of convergence for the solution of this difference scheme is established. In applications, the convergence estimates for the solution of difference schemes for the numerical solution of two multipoint nonlocal-boundary value problems for stochastic parabolic equations are obtained.
1/2-th Order-of-Accuracy Rothe Difference Scheme
Let us give some lemmas we need in the sequel.
Lemma 3.1. The following estimates hold:
where
Lemma 3.2. Suppose that assumption 2.2 holds. Then, the operator
has a bounded inverse
3.4
and the following estimate is satisfied:
Proof. The proof follows from the triangle inequality, assumption 2.2 , and estimate 
3.10
Let us now obtain the formula for the solution of problem 3.10 . It is clear that the Rothe difference scheme
for the solution of the Cauchy problem 2.8 has a unique solution, which is represented by the following formula:
Then from this formula and the multipoint nonlocal-boundary condition 
Therefore, we have formulas 3.12 and 3.15 for the solution of problem 3.10 . Now, we will study the convergence of difference scheme 3.10 .
Theorem 3.3. Assume that
E A 1/2 ϕ w λ 1 , . . . , w λ J 2 H ≤ C.
3.16
Then the estimate of convergence
holds. Here C and
Proof. Using formulas 2.12 and 3.15 , we can write
8
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Let us estimate P k,J for all k 1, . . . , 7, separately. We start with P 1,J . Using formulas 2.4 and 3.4 , we obtain
and also the expression in the above sum can be written in the following formula:
3.27
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Here R x I τxA −1 . Using formulas 3.26 , 3.27 , and 3.19 , we can write
3.28
Let us estimate expected value of P 1,J . Since
we have that
3.30
In the same manner by using the triangle inequality and estimates 3.2 and 3.1 , we get
3.31
Now, let us estimate P 2,J . Using formula 3.20 , the triangle inequality, and estimates 3.5 , 3.2 , and 3.1 , we get
3.32
Let us estimate P 3,J . Using formula 3.21 , the triangle inequality, and estimates 3.5 , 3.2 , and 3.1 , we get
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3.33
Next, let us estimate P 4,J . Using formula 3.22 , the triangle inequality, and estimates 3.5 , 3.2 , and 3.1 , we get
3.34
Next, let us estimate P 5,J . Using formula 3.23 , the triangle inequality, and estimates 3.5 , 3.2 , and 3.1 , we get
3.35
Next, let us estimate P 6,J . Using formula 3.24 , the triangle inequality, and estimates 3.5 , 3.2 , and 3.1 , we get
f s H .
3.36
Abstract and Applied Analysis
13
Finally, let us estimate P 7,J . Using formula 3.25 , the triangle inequality, and estimates 3.5 , 3.2 , and 3.1 , we get
3.37
Since Δw t p is a Wiener process and
3.39
Applying estimates for P k,J , k 1, . . . , 7, we get the estimate:
To prove the Theorem 3.3 it suffices to establish the following estimate: 
where 
3.43
Let us estimate P m,k for all m 1, . . . , 5, separately. We start with P 1,k . Using the triangle inequality and estimates 3.5 , 3.2 , and 3.1 , we get
3.44
Now, we estimate P 2,k . Using estimate 3.1 , we get
3.45
Applying the estimate 3.40 , we obtain
Now, we estimate P 3,k . Using the triangle inequality and estimates 3.5 , 3.2 , and 3.1 , we get 
3.49
Using the triangle inequality and estimates 3.5 , 3.2 , and 3.1 , we get
3.50
Since we have that
3.52
Finally, we estimate P 5,k . We denote that
0, otherwise.
3.53
Therefore,
3.57
Combining estimates P 1,k , P 2,k , P 3,k , P 4,k , and P 5,k , we obtain 3.41 . Theorem 3.3 is proved.
Applications
Now, we consider applications of Theorem 3.3. First, let us consider the nonlocal-boundary value problem for one-dimensional stochastic parabolic equation:
3.58
where δ > 0, a x ≥ a > 0 x ∈ 0, 1 , ϕ w λ 1 , . . . , w λ J , x x ∈ 0, 1 and f t, x t, x ∈ 0, 1 are smooth functions with respect to x. The discretization of problem 3.58 is carried out in two steps. In the first step, we define the grid space 0, 1 h {x x n : x n nh, 0 ≤ n ≤ M, Mh 1}.
3.59
Let us introduce the Hilbert space L 2h
3.60
To the differential operator A generated by problem 3.58 , we assign the difference operator A , we arrive at the nonlocal-boundary value problem:
3.62
In the second step, we replace 3.62 with the difference scheme 3.10 :
3.63
Theorem 3.4. Let τ and h be sufficiently small positive numbers. Then, the solutions of difference scheme 3.63 satisfy the following convergence estimate: a r x u x r x r dt f t, x dw t , 0 < t < T,
with the Dirichlet condition is considered. Here a r x , x ∈ Ω , ϕ x x ∈ Ω , and f t, x t ∈ 0, 1 , x ∈ Ω are given smooth functions with respect to x and a r x ≥ a > 0. The discretization of problem 3.66 is carried out in two steps. In the first step, define the grid space
The differential operator A in 3.66 is replaced with 
3.69
In the second step, we replace 3.69 with the difference scheme 3.10 :
3.70
Theorem 3.5. Let τ and |h| h 2 1 · · · h 2 n be sufficiently small positive numbers. Then, the solution of difference scheme 3.70 satisfies the following convergence estimate: 
Numerical Application
Now, we consider the numerical application of nonlocal boundary value problem:
for one-dimensional stochastic parabolic equation. For numerical solution of 4.1 , we consider the difference scheme 1/2-th order of accuracy in t and second order of accuracy in x for the approximate solution of the nonlocal boundary value problem 4.1 : The error between the exact solution and the solutions derived by difference schemes is shown in Table 1 . To obtain the results we simulated the 1,000 sample paths of Brownian motion for each level of discretization. The estimate 3.71 in Theorem 3.5 suggests that if we double the number of nodes, then the error should be decreased by a factor of 1/ √ 2. The theoretical statement for the solution of this difference scheme is supported by the results of the numerical experiment. In fact, we double N and M; the error is even less than half of the previous error.
